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We introduce in this article a fully coupled thermo-hydro-mechanical (THM) model describing the phys-
ical phenomenon present in masonry materials. A series of 3D numerical simulations are carried out for
the THM analysis of a dam during its impounding process. The results of the coupled THM analyzes are
validated with measurements recorded during that process in terms of transient displacement, pore-
water pressure and temperature values. An agreement between numerical simulations and measured
data proves that the coupled THM model can well reproduce the multi-physical behavior of masonry
dams. Furthermore, we introduce herein a solution for a large system of balance equations by combining
parallel computation, storage in Compressed Sparse Row format, and iterative pre-conditioned Conjugate
Gradient Squared method in order to improve the computational cost.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Many masonry dams were built at the beginning of the twenti-
eth century e.g. Fürwigge Dam and Ennepe Dam in Germany, and
the Theodore Roosevelt Dam in Arizona, USA. After more than
one hundred years, the waterproof layers at the upstream side of
the dam and the vertical drainage system may be damaged. Addi-
tionally, material properties of the dam body were also changed
due to ageing, weathering and chemical effects. Consequently,
there is a significant amount of water seeping from the upstream
side to the downstream side of the dam.

In order to extend the dam operation, rehabilitation processes
are carried out. Some commonmethods are to construct a drainage
net of boreholes in the dam body and to repair the waterproof lay-
ers. Besides that, measurement devices and sensors are installed in
order to monitor the physical behavior of the dam (i.e. deforma-
tion, pore-water pressure, effective stress, temperature) [1,2]. Gen-
erally, masonry dams have to bear three major loads. The first and
most obvious type of load is water pressure and the second load is
self-weight load. Thirdly, the temperature load on the dam struc-
ture varies according to the water and air temperatures. This
causes the stresses within the structure and deformation of the
dam. According to the measurement reports [1,3], the effects of
temperature on the deformation of the dam and water infiltration
are significant.

Therefore, the mutual relations among thermal conduction,
water transport in unsaturated media and force-deformation have
to be considered simultaneously while performing numerical sim-
ulations of the dams. Moreover, the geometry of dams often has an
arch form, with complex geometrical boundaries, which minimizes
the bending moments in the dam body. In order to analyze pre-
cisely the behaviors and processes occurring in the dam body,
the numerical simulation as a fully coupled thermo-hydro-
mechanical (THM) analysis in three-dimensional models is
necessary.

Coupled numerical simulations of water transport with stress-
strain relations in saturated porous media applied to dams were
introduced in Wang et al. [4] and considering the cracks or dam-
ages in the media, e.g. in [5,6] and multi-phase flows in unsatu-
rated porous media, e.g. in [7–9]. However, modeling the water
infiltration and deformation for the dams considering the inter-
twined effects of temperature is still missing. We note that several
multi-physical models of coupled THM problems for soils and por-
ous media have been introduced, e.g. in [10–12].

A 3D coupled THM problem requires five degrees of freedom
per node (three for displacements, one for pore water pressure
and one for temperature). The dam with complex geometry
requires a large set of elements. Consequently, if the problem is
solved with LU factorization using band storage format, the com-
putational cost will be extremely high. Therefore, we introduce a
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Nomenclature

X domain analysis, first used in Eq. (19)
aT coefficient of thermal expansion, first used in Eq. (10)
as coefficient of swelling/shrinkage induced by suction,

first used in Eq. (10)
kT thermal conductivity, first used in Eq. (2)
kdry thermal conductivity at dried state, first used in Eq. (2)
ksat thermal conductivity at saturated state, first used in

Eq. (2)
k shape parameter for the retention curve, first used in

Eq. (12)
kw model parameter in Eq. 1, first used in Eq. (1)
ll dynamic viscosity of the pore liquid, first used in

Eq. (11)
lo model parameter for dynamic viscosity, first used in

Eq. (14)
lT empirical coefficient of relative viscosity, first used in

Eq. (1)
rt partial derivative operator at time t, first used in Eq. (28)
m Poisson ratio, first used in Eq. (8)
xw

g vapor density, first used in Eq. (15)
/ porosity, first used in Eq. (3)
qð�Þ density of (�) phase i.e. gas, solid, liquid, first used in

Eq. (6)
qv vapor density, first used in Eq. (15)
r stress tensor, first used in Eq. (5)
s tortuosity, first used in Eq. (15)
hwg volumetric mass of water in the gas phase, first used in

Eq. (3)
hwl volumetric mass of water in the liquid phase, first used

in Eq. (3)
eT�e elastic strain induced by temperature, first used in

Eq. (7)
er�e elastic strain induced by stress, first used in Eq. (7)
es�e elastic strain induced by suction, first used in Eq. (7)
ee elastic strain, first used in Eq. (7)
A represents the conductance matrix, first used in Eq. (33)
að�Þ flux and conductance of the field ð�Þ, first used in Eq. (32)
b vector of body forces, first used in Eq. (5)
B gradients of shape functions, first used in Eq. (19)
bð�Þ boundary conditions of the field ð�Þ, first used in Eq. (32)
b model parameter for dynamic viscosity, first used in

Eq. (14)
dð�Þ storage or accumulation of the field ð�Þ, first used in

Eq. (32)

Dm diffusion coefficient of vapor, first used in Eq. (15)
De elastic material matrix of the solid phase, first used

in Eq. (8)
E elastic elastic modulus, first used in Eq. (8)
e void ratio, first used in Eq. (1)
f Q internal/external energy supply, first used in Eq. (6)
f w internal/external water supply, first used in Eq. (6)
g gravity acceleration, first used in Eq. (11)
Gs soil density, first used in Eq. (1)
ic energy flux due to conduction, first used in Eq. (6)
jEð�Þ advective flux of energy caused by mass motions, first

used in Eq. (6)
jwg mass motion of water in gas phase as the moisture, first

used in Eq. (3)
jwl mass motion of water in liquid phase, first used in

Eq. (3)
k tensor permeability, first used in Eq. (1)
k time step in finite difference, first used in Eq. (22)
krl relative permeability, first used in Eq. (11)
ko the tensor of reference intrinsic permeability, first used

in Eq. (1)
l iteration step in Newton-Raphson, first used in Eq. (22)
Mx molecular mass of water, first used in Eq. (17)
Ni shape function, first used in Eq. (26)
Pg gas pressure, first used in Eq. (9)
Pl liquid pressure, first used in Eq. (9)
Po parameter for retention curve, first used in Eq. (13)
ql vector flux of liquid phase, first used in Eq. (11)
rð�Þ residual vector of the field ð�Þ, first used in Eq. (22)
s suction/capillary pressure, first used in Eq. (10)
Se effective degree of saturation, first used in Eq. (12)
Sg gas degree of saturation, first used in Eq. (3)
Sl liquid degree of saturation, first used in Eq. (2)
Se maximum liquid degree of saturation, first used

in Eq. (13)
Srl residual liquid degree of saturation, first used in Eq. (13)
T temperature, first used in Eq. (1)
t time, first used in Eq. (3)
u vector of displacement, first used in Eq. (21)
w water content, first used in Eq. (1)
w0 reference water content, first used in Eq. (1)
X vector of unknowns, first used in Eq. (33)
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solution of the system of equations using a combination of parallel
computation (openMP), storage in Compressed Sparse Row format
[13] and the iterative pre-conditioned Conjugate Gradient Squared
method [14]. The results show that the computational cost
decreases significantly.

Based on the coupled THM model, we performed numerical
simulations for 3D problems applied to the Fürwigge dam. The
transient displacement, temperature and water transport are vali-
dated with the measured data [2]. The results show that the
numerical simulations have a good agreement with the data mea-
sured and can be assumed to be validated.
2. Phenomena and mechanisms in masonry dams

2.1. Stress and strain relations

The dam was built using rock blocks and mortar. There are two
material patterns, the thin leaf has a regular pattern, whereas the
infill has an irregular or random pattern. The elastic modulus of
rock is much higher than the elastic modulus of mortar. In
meso-scale problem, heterogeneous material can be treated by
representative volume elements under the light of first order
homogenization theory [15]. However, within the scope of this
study, the masonry material is considered as a homogeneous and
isotropic material because of the given large scale problem and
that major parts of the dam volume follow a random pattern.
The stress-strain relations can be influenced by the temperature
and wetness state of the masonry materials. The deformation
may cause the change in porosity and thus cause the change in per-
meability, however, the change in porosity can be ignored in cases
of the small deformation.
2.2. Effects of temperature

The temperatures inside the dam body and at the boundary are
different. Furthermore, the temperature at the surfaces in contact
with water are different from the surfaces in contact with air.
Water temperature varies significantly with seasons at the water
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surface, while it does not change significantly at the bottom loca-
tion of the reservoir. The effects of temperature on the deformation
have been quantified experimentally [1]. It shows that a change of
±1 �C may cause 0.21 mm deformation at the dam crest of a dam
28 m high. As compared with the pressure of 26 m water column
on the dam, which changes ±1 m, may cause ±0.61 mm deforma-
tion, the effect of temperature is significant. Thermal expansion
of the materials has been known and monitored over long periods.
The volumetric expansion of the material is quantified as a linear
relation between temperature and volumetric strain.

The change of temperature in the dam body affects the infiltra-
tion process due to: (1) the change of viscosity of water and (2) the
diffusion of water vapor from high-temperature zones to low-
temperature zones. These phenomena have been measured and
discussed in [16] and modeled in [17].

Effects of temperature on permeability have also been consid-
ered in previous studies. Push [18] observed an increase in the
coefficient of permeability of bentonite MX-80 and Ca-bentonite
according to Darcy’s law when the temperature changed from
20 �C to 70 �C at a low hydraulic gradient. The effect of the temper-
ature on the permeability of unsaturated media has been quanti-
fied as follows [19]:

kðe;w; TÞ ¼ koð1þ lTðT � T0ÞÞ10ae w�w0
e=Gs
�w0

 !k

w

; ð1Þ

where e=Gs
is the saturated water content, w and w0 are the water

content and reference water content, lT is the empirical coefficient
fitting of relative viscosity, a and kw are the model parameters, ko is
the reference intrinsic permeability, T is the temperature, T0 is the
reference temperature, e is the void ratio, and Gs is the soil density.

2.3. Effects of water infiltration

The water infiltration, on the other hand, affects the thermal
conduction. The increase of water content in the mortar causes
an increase in thermal conductivity and vice versa. The phe-
nomenon has been quantified by the relation [20]:

kT ¼ kSlsatk
1�Slð Þ
dry ; ð2Þ

where kT is the thermal conductivity, ksat and kdry are the thermal
conductivities in the saturated and dry state, respectively and Sl is
the liquid saturation.

Water infiltration also affects the stress-strain relations of the
material. It induces the volumetric expansion and shrinkage of
the material. Expansion and shrinkage of the material depend on
water saturation in the pores. This phenomenon has been observed
and modeled by some authors, e.g. [21,22].

In summary, the effects of temperature on material behavior of
the masonry dams have been characterized by their effects on
stress-strain relations and their effects on pore-water transport.
Conversely, the change of water content affects on the thermal
conductivity and stress-strain relations. Therefore, it is necessary
to simulate the masonry dam by means of fully coupled THM anal-
ysis. In the next section, the theoretical framework of multi-
physics for THM modeling will be presented.

3. Theoretical framework for THM modeling

The THM problems are formulated by a system of balance equa-
tions. Equations for mass balance were established by following the
compositional approach [23]. Constitutive equations are used to
connect between the primary unknowns (i.e. displacements, liquid
pressure, gas pressure and temperature) to the parameters and the
dependent variables e.g. water saturation, energy flux and so on.
3.1. Balance equations

Mass balance of water: Water is present in the liquid and gas
phases. In this paper, due to slow fluxes and low permeability
we assume that gas pressure is constant and equal to zero.
The total mass balance of water is expressed as follows:
@

@t
hwl Sl/þ hwg Sg/
� �

þr � jwl þ jwg
� �

¼ f w: ð3Þ
Assuming that the pores contain only gas and liquid, we consider
the relation
Sg þ Sl ¼ 1; ð4Þ

where Sg is the degree of saturation of gas, / is porosity, f w is an
external supply of water, and hwl and hwg are the volumetric mass

of water in the liquid and gas phases, respectively. Moreover, jwl
is the total mass motion of water in liquid phase including non-
advective (i) and advective fluxes (q), jwg is a mass motion of
water in the gas phase as the moisture.

Momentum balance for the medium: The momentum balance
reduces to the equilibrium of stresses if the inertial terms are
neglected as:
r � rþ b ¼ 0; ð5Þ

where, r is the stress tensor and b is the vector of body
forces.

Internal energy balance for the medium: The equation for the
internal energy balance for the porous medium is established
by taking into account the internal energy in each phase
(Es; El; Eg) as:
@

@t
Esqs 1� /ð Þ þ ElqlSl/þ EgqgSg/
� �
þr � ðic þ jEs þ jEl þ jEgÞ ¼ f Q ; ð6Þ
where, ic is the energy flux due to the conduction through the
porous medium, the fluxes jEs; jEl and jEg are advective fluxes of

energy caused by mass motions and f Q is an internal/external
energy supply, qs is the density of solid, ql is the density of the
liquid, and qg is the density of gas.

3.2. Constitutive relations

The final objective is to find the unknowns from the balance
equations. Therefore, the dependent variables have to be related
to the unknowns in the following constitutive relations.

3.2.1. Thermo-elastic model for stress-strain relations
The mechanical constitutive equation takes the incremental

general form. The elastic part of the strain increment is a sum
of the increments of suction induced des�e, effective stress
induced der�e, and the strain increment due to temperature
change deT�e. The final relation for the elastic strain increment
is

dee ¼ der�e þ des�e þ deT�e: ð7Þ
The elastic strain is described according to Hooke’s law as:

der�e ¼

exx
eyy
ezz
sxy
sxz
syz

0
BBBBBBBB@

1
CCCCCCCCA

r�e

¼ ðDeÞ�1

r0xx
r0yy
r0zz
cxy
cxz
cyz

0
BBBBBBBB@

1
CCCCCCCCA
¼ ðDeÞ�1dr0; ð8Þ
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where De is the elastic material matrix of the solid phase defined by
the elastic modulus (E) and Poisson ratio (m). For isotropic materials,
De can be written as De ¼ kI� Iþ 2lI where k and l are the Lamé
constants. The effective stress tensor r0 is defined as

r0 ¼ r�maxðPg ; PlÞd; ð9Þ
where r is the total stress tensor, Pg is the gas pressure and Pl is the
liquid pressure, d is Kronecker’s tensor. This means r0 is a net stress
in the unsaturated state and an effective stress in the saturated state.

According to [1,22] the changes of capillary pressure and tem-
perature cause the expansion and shrinkage of masonry materials.
Herein, suction and temperature induce only volumetric strains
with constitutive equations given as follows

des�e ¼ 3asds and deT�e ¼ 3aTdT; ð10Þ
where s ¼ ðPg � PlÞP 0 is suction or capillary pressure, aT is the
coefficient of thermal expansion, as is coefficient of swelling/shrink-
age induced by suction. The first equation is valid when suction is
greater than or equal to zero.

3.2.2. Constitutive model for water transport

Advective flow of the water phase is described by the general-
ized Darcy’s law for hydraulic processes:
ql ¼ �
kokrl
ll
r � Pl � qlgð Þ; ð11Þ
where ll is the dynamic viscosity of the pore liquid, g is the grav-
ity acceleration, ql is the liquid density and ko ¼ diagðkxx; kyy; kzzÞ
is the tensor of reference intrinsic permeability, assuming that
the material is isotropic, ko is described by solely one permeabil-
ity value ko.
The relative permeability krl, is derived from Mualem-van Gen-
uchten closed form model, [24,25]:
krl ¼
ffiffiffiffiffi
Se

p
1� 1� S1=ke

� �k� �2

; ð12Þ
where k is a shape parameter for the retention curve and an
effective degree of saturation Se is defined as:
Se ¼ Sl � Srl
Sls � Srl

¼ 1þ Pg � Pl

Po

� � 1
1�k

 !�k
; ð13Þ
where Sl; Sls and Srl are the current, the maximum and the resid-
ual liquid degree of saturation, respectively; Po is a model
parameter.
The dynamic water viscosity depends on temperature empiri-
cally provided by [26] according to the following formula:
ll ¼ l0 exp
b

273:15þ T

� �
; ð14Þ
where l0 and b are the model parameters.

Molecular diffusion of vapor in the air is governed by Fick’s
law. The diffusion coefficient is m2/s; Fick’s law is adopted to
define the diffusive flux of the water vapor iv :
iv ¼ � /qv Sl sDmI
� �rxw

g ; ð15Þ

where qv is the vapor density, xw

g is the mass fraction of the
vapor, I is the identity matrix, s is the tortuosity and Dm, the dif-
fusion coefficient of the vapor in m2=s, is defined as:
Dm ¼ D
273:15þ Tð Þ2:3

Pg
; ð16Þ
where D is the molecular diffusion coefficient at temperature
273.15 K.
The volumetric mass of vapor (Eq. (3)) is computed implicitly by
the psychrometric law from the fraction of water phase according
to [27]. The law describes the change of volumetric vapor density
in the gas phase due to the curvature of the surface of water and
temperature T (�C)

hwg ¼ ðhwg Þo exp
�sMx

Rð273:15þ TÞql

� �
; ð17Þ

where Mx is a molecular mass of water, ðhwg Þo is a reference density
of water vapor at T ¼ 0 �C;R is a universal gas constant water vapor
(i.e. 8.31432 J mol�1 K�1). The volumetric mass of water in gas
phase is a product of the mass fraction of water (xw

g ) and bulk den-
sity of the water phase qv i.e. hwg ¼ xw

g qv .

3.2.3. Constitutive model for heat conduction
Fourier’s law was adopted for the heat conduction flux, ic , of

heat:

ic ¼ �kTrT where kT ¼ kSlsatk
1�Slð Þ
dry ; ð18Þ

where kT is the thermal conductivity, ksat and kdry are thermal con-
ductivity in the saturated and dry state, respectively.

4. Numerical procedure

The system of Partial Differential Equations is solved numeri-
cally by Finite Element (FE) method where the systems of equa-
tions are solved either by LU factorization or by iterative
Conjugate Gradient Squared method. The numerical analysis is
composed by two terms: spatial and temporal discretization. The
FE method is used to solve in spatial discretization in each time
step. Because the problem presented here is temporally non-
linear, the Newton-Raphson’s method is applied. To solve the time
dependency, finite difference schemes are applied, see Eq. (33). The
FE approach introduced here is based on the formulations in Oli-
vella et al. [23], Zienkiewicz et al. [28], and Milly [29].

4.1. Approach for stress equilibrium equations

The weighted residual method is applied to the stress equilib-
rium Eq. (5) followed by Green’s theorem. This leads to the follow-
ing equation, [28]

rðrkþ1Þ ¼
Z
X
BTrkþ1dX� f kþ1; ð19Þ

where rðrkþ1Þ presents the residual vectors corresponding to the
stress-strain problem, rkþ1 is the stress vector, the matrix B is com-
posed by gradients of shape functions and defined in such way that
the stress is a vector, f kþ1 includes body force terms and boundary
force terms. The strain related to the stress, fluid pressure, and tem-
perature are defined by constitutive stress-strain relations in the
temporal discretization form as:

de
dt
¼ ðDeÞ�1 dr

0

dt
þmas

ds
dt
þmaT

dT
dt

; ð20Þ

where as and aT are coefficients for volumetric elastic expansion, m
is the an auxiliary vector mT ¼ ð1;1;1; 0;0;0Þ. Substituting the dis-
placement in the Eq. (20) by e ¼ Bu, the Eq. (20) must be satisfied at
every node in the domain X in terms of u. Therefore, spatial and
temporal discretizations lead to

hkþ1¼ dkðrÞ�DeBjd
kðuÞjþDemNjas �dkðsÞjþDemNjaTd

kðTÞj �0;

ð21Þ
where dð�Þ ¼ ð�Þkþ1 � ð�Þk denotes the difference between two itera-
tion values of the terms ð�Þ. Further h contains the residual stresses
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at every node, j indicates the summation over element nodes, Nj is a
shape function of the element j. In each node of the domain X the
Eq. (21) must vanish so that the material behavior obeys the consti-
tutive laws. If the stress in Eq. (21) could be obtained explicitly, we
can substitute Eq. (21) in Eq. (19) and compute the residuals. How-
ever, these models are temporal non-linear models. Therefore, an
iterative Newton-Raphson’s method is applied. Herein, for finding
the solution for the time step tkþ1, the Newton-Raphson iteration
have to be carried out l times and the unknowns are written as

ð�Þlþ1 instead of ð�Þkþ1;lþ1. From Eq. (19), applying a Taylor expansion
of the residual, we obtain:

rlþ1 ¼ rl þ
Z
X
BTdlðrÞdX; ð22Þ

where dð�Þ ¼ ð�Þlþ1 � ð�Þl denotes the difference between two
Newton-Raphson iteration values of the terms ð�Þ.

Having equality in Eq. (21), we obtain the following equation
which needs to be solved during each iteration step:

hlþ1 ¼ hl þ @hl

@r
dlðrÞ þ @hl

@u
dlðuÞ þ @hl

@s
dlðPlÞ þ @hl

@T
dlðTÞ: ð23Þ

Considering @hl
=@u ¼ B , substitution Eq. (23) to Eq. (22) we obtain

the equation regarding stress equilibrium.Z
X
BTDeBjd

lðuÞdXþ
Z
X
BTDe @h

l

@s
dlðsÞdX

þ
Z
X
BTDe @h

l

@T
dlðTÞdX ¼ �rl �

Z
X
BTDehldX: ð24Þ

In the Eq. (24) the right-hand side is known from the previous
iteration, the left-hand side, after expanding derivatives, can be
expressed as a function of three unknowns: u; Pl, and T. This equa-
tion is solved simultaneously with the other equations (mass and
energy balance equations).

4.2. Approach for mass and energy balance equations

In this present study, the terms presented in mass and energy
balance equations are storage terms, advective fluxes, and non-
advective fluxes. In order to explain the approach for the different
equations somebasic notations are introduced. The notation i repre-
sents the i-th the node in a finite elementmesh, e1; e2; . . . ; em are the
elements containingnode i;nem is the number of nodes in element em
(e.g. nem ¼ 3 for triangle element, nem ¼ 4 for tetrahedron element),
Xem is the volume of element em;Ni is the shape function for node i.

4.2.1. Approach for storage terms
Masonry materials are characterized by a high elastic modulus

and small deformations. Therefore, we consider a constant porosity
under the loads. The Eq. (3) can be rewritten as:

/
@

@t
hwl Sl þ hwg Sg
� �

þr � jwl þ jwg
� �

¼ f w: ð25Þ

The final objective is to find the unknown Pl from the governing
equation. Hence, the dependent variables Sl and Sg will be computed
using the retention curve [Eq. (13)]. Themass conservation in time is
achieved if the time derivatives are directly approximated by finite
differences in time. The finite element method for space discretiza-
tion conserves mass as presented in [29]. The weighted residual
method is applied to the balance equations, therefore the first term
of Eq. (25), which relates to liquid saturation is transformed as:

Z
X
Ni/

@ðhwl SlÞ
@t

dX ¼
Z
e1

Ni/
@ðhwl SlÞ

@t
dXþ . . .þ

Z
em

Ni/
@ðhwl SlÞ

@t
dX:

ð26Þ
Using approximations for temporal finite differences at time step k,
we obtain a formula for every integral, for example, for the first
element:

Z
e1

Ni/
@ðhwl SlÞ

@t
dX ¼ /k

e1

ðhwl SlÞkþ1i;e1
� ðhwl SlÞki;e1

tkþ1 � tk

 !
e1

Z
e1

NidX: ð27Þ

This approximation allows us to make the space integration inde-
pendent from the physical variables. Consequently, the computa-
tion of the geometrical coefficients is necessary only once for a
given finite element mesh.

4.2.2. Approach for advective terms
The weighted residual method is applied to the balance equa-

tion. After that, Green’s theorem is applied to reduce the order of
the derivatives and the divergence of flows is transformed into
two terms. Using Darcy’s law, this can be written at node i as
follows:

�
Z
X
rtNih

w
l qldX ¼

Z
X
rtNih

w
l
kkrl
ll
rNjdX

� �
ðPlÞj

�
Z
X
rtNih

w
l
kkrl
ll

qlgdX; ð28Þ

where j denotes the summation over the element nodes, ðPlÞj is
node-wise variable, where its values are defined by nodes and inter-
polation over nodes by means of shape functions.

For the node i the volume X over which the integral in Eq. (28)
has to be performed in the composition of the elements
e1; e2; . . . ; em. The contribution of element em to the total lateral flux
towards node i is approximated as:

Z
X
rtNih

w
l
kkrl
ll
rNjdX

� �
ðPlÞj�k hwl

krl
ll

� �kþe

em

Z
em

rtNirNjdX
� �

Plð Þkþhj ;

ð29Þ

where two different intermediate points are used: (kþ h) is used for
pressure, and (kþ e) for the relative permeability. The integrals of
products of the shape function gradient are considered as the influ-
ence coefficients. They have to be computed for each element but
only once for a given mesh.

A similar approximation is applied for the gravity term in Eq.
(28). The evaluation of density element-wise is convenient in order
to balance correctly the pressure gradients with the gravity forces
at the element level.

4.2.3. Approach for non-advective terms
In the balance equation of node i, we have the following diffu-

sion term:

�
Z
X
rtNii

w
l dX ¼

Z
X
rtNi/sqlSlDmIrNjdX

� �
ðxw

l Þj; ð30Þ

where xw
l is considered a node-wise variable, subscript j denotes

the summations over the nodes of an element j, the other notations
are explained after Eq. (15). The contribution of element em to the
total lateral flux towards node i is approximated as:Z

X
rtNi/sqlSlDmIrNjdX

� �
ðxw

l Þj

¼ ð/sÞkem ðqlSlDmÞkþeem

Z
em

rtNiIrNjdX
� �

ðxw
l Þkþhj ; ð31Þ

where the intermediate points are used similarly to the advective
terms. The integral part can be computed just once for a given
mesh.
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4.3. System of balance equations

After the spatial discretization of the PDEs is established, the
residuals that are obtained may be written as:

ru
rPl
rT

0
B@

1
CA ¼ d

dt

du

dPl

dT

0
B@

1
CAþ

au

aPl

aT

0
B@

1
CAþ

bu

bPl

bT

0
B@

1
CA � 0; ð32Þ

where rð�Þ is the residual, dð�Þ is the storage or accumulation term, að�Þ
relates to both the advective and non-advective fluxes, it can be
referred to the conductance term, bð�Þ includes boundary conditions.
In time discretization the Eq. (32) may be written as:

rðXkþ1Þ ¼ dkþ1 � dk

Dtk
þ AðXtþe;XtþhÞ þ bðXtþe;XtþhÞ � 0; ð33Þ

where k is the time step index, X is the vector of unknowns per
node,

X ¼ fðux;uy;uz; Pl; TÞ1; ðux;uy;uz; Pl; TÞ2; . . . ; ðux;uy;uz; Pl; TÞng;A
represents the conductance matrix. The Newton-Raphson’s scheme
for this non-linear system of balance equation is written as:

@rðXkþ1Þ
@Xkþ1 ðX

kþ1;lþ1 � Xkþ1;lÞ � �RðXkþ1;lÞ; ð34Þ

where l denotes the number of iterations. The residual error estima-
tion can be verified by estimation methods [30].

4.4. Solution of the system of equations

Conventionally, the LU factorization method is used as a solver
for the system of equations and band storage format is used as data
storage. However, the band storage format requires a large amount
of memory, especially, when the degrees of freedom in the nodes
and the number of elements increase. In this project, we use Com-
pressed Sparse Row format (CSR) [13] to store the matrix, in which
only non-zero elements are stored. This method allows increasing
the storage capacity as well as increasing speed of data accessing.

Direct LU factorization is computationally expensive when solv-
ing large sparse non-symmetric matrices. One of the effective algo-
rithms for such procedures is pre-conditioned Conjugate Gradient
Squared method (CGS) [14]. This iterative method is a modification
of Conjugate Gradient method in order to solve non-symmetric
matrices. The method requires extra space and pre-conditioners.
The pre-conditioning matrix is used in order to accelerate the rate
of convergence. However, using CRS format plus CGS iterative solu-
tion with parallel block-diagonal inversion has a simple structure.
The CGS algorithm is described in Algorithm 1. A series of compu-
tational tests is performed in a coupled 3-dimensional THM prob-
lem for comparing LU factorization using band storage format with
iterative CGS method using CRS format. For the tests, different dis-
cretizations are generated from coarse to fine meshes in the same
geometry.

Furthermore, in order to increase the speed of computations, we
solved the system of equations with multi-threading techniques
with a cluster computer. The iterative CRS + CGS method was used
as a computational test. We used OpenMP library to distribute the
jobs among different processors for the inversion and multiplica-
tion of the matrices according to Algorithm 1. A fine mesh with
more than 94 thousand tetrahedral elements was selected for
these tests. The numerical simulation was implemented in Code_b-
right FE code. The comparison and discussion are presented in the
result section.
Algorithm 1. Conjugate Gradient Squared algorithms after mod-
ified [23].
Precondition:

1:
 x :¼ xo
 . initial guess

2:
 r :¼ b� Ax
 . r is the residual

vector

3:
 ~r is an arbitrary vector such

that ðr; ~rÞ – 0

4:
 qo ¼ ðr; ~rÞ; bo ¼ qo;p ¼ q ¼ 0
 . p;q are the auxiliary

vectors

5:
 K is pre-conditioner matrix

(diagonal of A)

6:
 procedure CONJUGATE GRADIENT

SQUARED ITERATION
7:
 for i 1 to n do

8:
 u :¼ r þ biq

9:
 p :¼ uþ biðqþ bipÞ
10:
 Solve q from Kq ¼ p
 . invert matrix with
OpenMP
11:
 v :¼ Aq
 . matrix � vector with
OpenMP
12:
 ai ¼ qi=ð~r;vÞ

13:
 q :¼ u� aiv

14:
 Solve v from Kv ¼ uþ q
 . invert matrix with

OpenMP

15:
 u :¼ Av
 . matrix � vector with

OpenMP

16:
 x :¼ xþ aiv

17:
 r :¼ r þ aiu

18:
 if ðr < eÞ then
 . e is the convergence

criterion

19:
 return (x)

20:
 else

21:
 qiþ1 ¼ ðr; ~rÞ

22:
 biþ1 ¼ qiþ1=qi
23:
 end if

24:
 end for

25:
 end procedure
5. Parameters, boundary, and initial conditions

5.1. Parameters

Parameters used in numerical simulations are given by litera-
ture on the Fürwigge Dam and similar masonry dams in Germany.
The parameters may be calibrated afterwards to fit with particular
conditions of the dam. The parameters for stress-strain behavior
and Darcy’s law are provided in the literature [2]. The parameters
for general materials like water and solid density are provided by
the handbook [26]. The parameters for diffusion are based on
[31]. Other parameters, which are not found in the literature, are
empirically assumed based on the experimental data of similar
materials. The input parameters are presented in Table 1.

It was observed that viscosity changes with respect to the
change of the chemical composition of water. With the change of
pH value and water’s hardness the viscosity of water is also chan-
ged. Based on the literature, the viscosity of the water in Eq. (14) is
studied in two cases: (1) pure water lo ¼ 2:1� 10�12 MPa s and

b ¼ 1808:5 K, (2) reservoir water lo ¼ 2:5� 10�12 MPa s and
b ¼ 2000 K.



Table 1
Model parameters.

E m /o aT as ko lo Po

GPa – – �C�1 MPa�1 m2 MPa s MPa
3.2 0.22 0.14 6.0E-06 �1.0E-07 2.1E-14 2.1E-12 0.001

k Srl Sls kdry ksat s D qs

– – – Wm K�1 Wm K�1 – m2Pa/s Kn kg m�3

0.556 0.09 1 0.6 3.32 0.8 5.90E�06 2750

Fig. 2. Water level at upstream side.
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5.2. Boundary and initial conditions

For force and displacement boundary conditions, a combination
of Neumann type and Cauchy type boundary conditions are used
as:

f x ¼ f ox þ c _uo
x � _ux

� � ð35Þ
f y ¼ f oy þ c _uo

y � _uy

� �
ð36Þ

f z ¼ f oz þ c _uo
z � _uz

� �
; ð37Þ

where f ð�Þ is the force in the (�) direction, _uo is the displacement
rate, a very large value of c can be used to impose a fixed displace-
ment rate. For the simulation of the Fürwigge dam, we assume that
the bedrock is very stiff, therefore, the nodes at the interfaces
between the dam and the bedrock are fixed as: _uo

x ¼ _uo
y ¼ _uo

z ¼ 0.
For the flux boundary conditions, the boundary conditions are
incorporated by means of the simple addition of nodal flow rates.
For instance, the mass flow rate of water, as a component vapor
in unsaturated materials, is:

jwl ¼ ðxw
l Þojol þ clðxw

l ÞoðPo
l � PlÞ; ð38Þ

where the superscript (�)� stands for prescribed values, cl is a leak-
age coefficient, Po

l is the liquid pressure on the node. For the
Fürwigge dam case, we modeled a drainage system as lines as in
Fig. 1, Po

l is applied on the nodes at the upstream side boundaries
of the dam and also at the drainage lines. The development of the
water column is presented in Fig. 2. In each time step, the boundary
nodes at the upstream side are loaded with the forces and the water
pressures interpolated from the water head as described in this fig-
ure. The nodes on the drainage lines begin to get the water pressure
Po
l ¼ 0 MPa at the time step equal to 22 days, when infiltrating

water meets the drainage lines.
For the energy balance equation, boundary conditions have the

general form:

je ¼ joe þ ce To � Tð Þ þ Ew
l ðjwl Þ þ Ea

l ðjal Þ; ð39Þ
where the first term is a Neumann type prescribed energy inflow or
outflow. The second term is a Cauchy boundary condition which
Fig. 1. Geometry – modeling of a ne
may be used to prescribe temperature. The other terms are energy
fluxes induced by the boundary conditions for the mass of liquid in
term of water and vapor in the air phase a.

For the Fürwigge dam study, To is assigned to the nodes on the
upstream side and the downstream side. Whenever the nodes are
submerged in water, they will get the temperature as in Fig. 3 with
the submerged time, otherwise, they will get weather temperature
as in Fig. 4. The measurement locations (T1-T7) were placed not at
the surface as in Fig. 3 but inside and near surface along the dam
body. However, we assume that the temperature measured repre-
sents boundary temperature at the same height. T1-T7 locate at
cross section A-A, the distances of measurement points(T1-T7) to
the top of the dam are 2, 6, 10, 14, 18, 22, and 26 m, respectively.
At the downstream side, the temperature boundary conditions
applied on the node is also time-dependent as described in Fig. 4,
where linear lines represent the mean values of measured air
temperature.

In fact, the values of initial conditions (prior impoundingprocess)
like temperature, liquidpressure, and stress arenotuniformover the
w constructed drainage system.



Fig. 5. Geometry – boundary discretiz

Fig. 3. Temperature at upstream side boundaries.

Fig. 4. Temperature at emerged boundaries.
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whole damvolume. The distributionof the temperature in the struc-
ture is complex anddepends on the highly changing annual ambient
temperature. Therefore, based on measurement data at some loca-
tions, the initial conditions are assumed to be uniformly distributed
as follows: Pl0 ¼ �1:5 kPa, T0 ¼ 11:6 �C and r0 ¼ 0 kPa.
6. Geometry and discretization

Fürwigge dam is located at the south of Lüdenscheid, Germany.
The dam is about 29 m high and 166 m long. The original drainage
system of the dam was constructed behind the asphalt layer to col-
lect the water infiltrating, however this drainage system got
blocked and became non-functional after 100 years of usage. A
drainage system plays an important role in the dam’s safety as it
decreases water pressure and water flux, hence, it prevents the
masonry material from erosion and weathering processes. For
extending the lifetime of the dam, new tunnels and a drainage
system were constructed, see Figs. 5 and 6. Constructing the
ation for the model with tunnels.



Fig. 6. Geometry – boundary discretization for the model with drainage system.
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additional tunnels in the dam body may affect the strength of the
dam. Furthermore, the efficiency of the drainage system must be
assessed. However, modeling the tunnel and the boreholes as
exactly as real geometrical volume requires a very fine mesh,
which lead to very high computational cost. Therefore, we assess
the serviceability of the new-built system considering two sepa-
rate models:

1. To investigate the effects of technical tunnels on the displace-
ment and stress-strain behavior, we develop a geometrical
model including the exact volume of technical tunnels (see
Fig. 5). The drainage system is ignored.

2. To assess the efficiency of the drainage boreholes system, the
volumes of the tunnels and the boreholes is simplified to line
elements (see Figs. 1 and 6). The effect of the tunnels in terms
of stress-strain relations is ignored.

These two models support each other in order to have a better
view on the impact of new-built system to the ordinary operation
of the dam structure.
7. Results and discussions

7.1. Comparison of solution methods

The computational costs are presented in Fig. 7. The iterative
CRS + CGS method performs much more effective when the num-
ber of 3D elements increases. It accelerates the computational pro-
cess faster than 500 times when the number of elements is more
than 50 thousand elements (see speedup curve in Fig. 7). In
time-dependent problem, the CRS + CGS method improves the
computational cost due to the usage of the pre-conditioned matrix
and the initial guess xo which is based on the previous iteration
step in Newton-Raphson’s method, while the LU method requires
the same computational cost in every step.
Fig. 7. Computational time between LU factorization and CSR + CGS.
The computational costs using parallel computations with
multi-threading are presented in Fig. 8. The computational costs
are normalized by dividing the solving time by the maximum solv-
ing time for each matrix A. This computational cost includes the
cost of reading, updating, and writing data in iterative computa-
tions. The average of computational cost for different matrices
are computed for each number of CPUs. The Fig. 8 shows that the
computational time reduces slowly when the number of CPUs is
more than 8 CPUs. The solving time decreases monotonically up
to 5 times when increasing the number of CPUs. Therefore, we rec-
ommend to solve the 3D THM problems with 8 processors.

7.2. Fürwigge dam case

Six scenarios are studied in this paper:

1. The first case (THM simulation) is a standard case. In this case,
we simulated a drainage net of the borehole in the dam body.
The fully thermo-hydro-mechanical model is considered under
non-isothermal boundary conditions. Viscosity for pure water is
given. The asphalt layer as in Fig. 1 is considered non-
functional. That means water is allowed to permeate into the
dam from this area.

2. The second case (THM simulation & visco), a viscosity of impure
water is considered as presented in Section 5.1.

3. In the third case (THM simulation & asphalt), the model is com-
puted considering the functionality of asphalt layer. With the
asphalt layer, water is not allowed to permeate into the dam
body from this area.

4. In the fourth case (THM simulation & tunnel), the model is com-
puted considering the technical tunnel in the dam body.

5. In the fifth case (HM simulation), the model is computed con-
sidering iso-thermal conditions. This case aims to quantify the
separated effects of the temperature on the behavior of the
dam.
Fig. 8. Computation with difference number of CPUs using CSR + CGS.



Fig. 10. The evolution of the effective pressure, G4(1.5, �1.5, �28.6) in meter.
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6. In the sixth case (TM simulation), the model is computed con-
sidering that the dam is impermeable as it is mostly studied
in concrete and composite dams. This case aims to quantify
the separated effects of the water infiltration to the dam
behaviors.

Six scenarios are compared and discussed in this section.

7.3. Displacement

The horizontal temporal displacements at the crest for different
scenarios are presented in the Fig. 9. The numerical simulation
results are compared with the measurements using a pendulum.
As simulating the fully coupled THM problem in a standard case,
the numerical simulation results have a good agreement with the
measured results. It can be noticed that the control tunnel has an
insignificant influence on the displacements. The numerical simu-
lations considering the asphalt layer and the high viscosity liquid
induce an increase in the displacement only under 0.1 mm at the
steady state. However, when ignoring temperature effects in the
numerical simulations, the displacement decreases significantly
(over 2 mm at the final state), which can be interpreted as the tem-
perature difference between the upstream side and the down-
stream side. The downstream side is exposed to the air, where
temperature decreases from average 13 �C in summer to average
2 �C in winter (Fig. 4), while the upstream side was covered by
water where temperature does not change significantly during
the year (Fig. 3). Consequently, the temperature at the upstream
side is generally higher than the temperature at the downstream
side, and that leads to an increase of crest displacement. The sim-
ulation agrees with the discussion in [1]. The discussion shows that
the change of ±1 �C may change 0.21 mm deformation at the dam
crest. When ignoring water infiltration in TM simulation, the
shrinkage due to a decrease of suction (Eq. (10)), pore water pres-
sure, and the change of material weight due to change of water
content are not taken into account. Consequently, the displace-
ment at the crest is smaller than the fully THM simulation.

7.4. Effective stress

The evolution of effective stress is presented in the Fig. 10,
where pore-water pressure measured at the point G4 is plotted
with the simulation results at the same coordinate. The effective
stress decreases simultaneously with an increase of pore water
pressure. The phenomenon is reproduced by Eq. (9). However,
the simulation in the standard case does not totally fit with the
measurement, the reasons could be measurement uncertainties
Fig. 9. Displacement at the crest (C) in Y direction.
and the initial temperature conditions are not fit with the real con-
ditions. In fact, the initial temperature conditions in the dam body
is non-uniform. We assume that the initial temperature is uniform
over the whole volume. Therefore, the distribution of effective
pressure in the dam body at the beginning as well as the final state
is affected. It can be noticed that the effective pressure decreases
more slowly when the temperature effects are not considered,
while the simulations THM & Visco and THM & Asphalt show
insignificant influences on the effective pressure. When ignoring
the water infiltration into the dam structure, pore water pressure
does not exist, therefore the result of effective pressure in TM sim-
ulation is greater than in THM simulation.

7.5. Temperature

The evolution of temperature is presented in the Fig. 11, where
temperature measured at the points T1.1 and T1.2 are plotted with
the simulation results at the same coordinate. It can be recognized
that temperature at both points decreases with time. Temperature
measured at point T1.1 decreases faster than the temperature mea-
sured at point T1.2, because the point T1.1 is located closer to the
downstream side boundary. The simulation results confirm this
statement. The simulation THM & Asphalt gives different results
as compared with the THM standard simulation, where tempera-
ture is generally higher than the THM standard simulation. The
Fig. 11. The evolution of temperature, coordinate T1.1(�3.9, 8.3, �17.5) and T1.2
(�3.9, 6.7, �18.9) in meter.



Fig. 12. The evolution of pore-water pressure, coordinate W5.1(�6.7, 0.9, �28.8) in
meter.

Fig. 13. The effect of asphalt layer on the infiltration process, coordinate P1(0.0, 4.4,
�2.8), P2(0.0, 5.2, �7.5), and P3(0, 11.3, �18.5) in meter.
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results can be interpreted by the thermal conductivity of the por-
ous material. Thermal conductivity (kT ) increases with the increase
of water content. Without asphalt layers, the water infiltrates from
the upstream side to the downstream side at the upper parts.
Fig. 14. Wetness after impounding process (190 days). (a) Wetting observed at downst
Water infiltration induces an increase of water content at the loca-
tions surrounding T1.1 and T1.2, and thus, increases the thermal
conductivity. Consequently, the temperature at T1.1 and T1.2
decreases faster when asphalt layer is not considered in the
simulation.
7.6. Pore-water pressure and state of wetness

The evolution of the pore water pressure is presented in the
Fig. 12, where pore-water pressures measured at the point W5.1
are plotted with the simulation results at the same coordinate. It
can be noticed that all scenarios of simulation gain the same final
value of pore water pressure at steady state (when the water is
filled to the top of the dam). However, changing the viscosity of
the liquid affects significantly to the process of water infiltration.
It can be interpreted according to generalized Darcy’s law (Eq.
(11) and (12)), when the media is unsaturated, the relative perme-
ability (krl) and liquid pressure vary according to the saturation.
When the media is saturated, the parameter krl ¼ 1, and conse-
quently the gradient of liquid pressure converges to the steady
state. The transition period from unsaturated condition to satu-
rated condition of the point W5.1 and its surrounding regions is
about 40 days. In this period, pore water pressure varies signifi-
cantly. When the media is saturated, pore water pressure does
not vary significantly and it follows closely the other scenarios as
in Fig. 12.

The area of saturated region increases with water level and it is
time dependent. The phenomenon of water infiltration is illus-
trated in the Fig. 13. When simulating without asphalt layer, the
degree of saturation at points P1 and P2 increases to the maximum
state while the degree of saturation at location P3 keeps constant
at dry state. It is confirmed by the observations on the dam in
Fig. 14(a), in which the wetting area is located on the upper parts
of the dam. There are no wetting areas observed at the lower parts
of the dam. The distribution of the degree of saturation at the final
state is presented in the Fig. 14(b) and (c). Maximum degree of sat-
uration is painted by brown red color (as in the left lower corner of
the dam in Fig. 14(b)), minimum degree of saturation is painted by
blue color (as in the right upper part of the dam in Fig. 14(b)). From
Fig. 14(b) and (c), it can be noticed that the red brown zone is the
saturated regions. It can be concluded from the figure that the drai-
nage system works efficiently. It unloads the water pressure, and
thus, helps to keep the lower part of the dam dry, while the asphalt
layer is defected and allows water to infiltrate through the dam
body from the upper part. High wetness in the dam structure
may increase the ageing and weathering effects.
ream side. (b) Simulation with asphalt layer. (c) Simulation without asphalt layer.
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8. Conclusions and outlook

In this paper, we introduce a fully coupled THM constitutive
model of masonry materials applied to dams. We also present
the numerical approaches and solutions for the system of equa-
tions. The solution method combining Compact Row Format as
storage method with Pre-conditioned Conjugate Gradient Squared
method proves an efficient method to reduce the computational
cost. Furthermore, the parallel computation by means of openMP
library improves significantly the time for solving the system of
equations. Finally, the 3D numerical simulations are carried out
for THM problems occurring at the Fürwigge dam.

The numerical simulation results show a good agreement with
measured data in the evolution of displacements, effective pres-
sure, temperature, and pore water pressure. The results prove the
efficiency of the drainage system as a tool to unload the water
pressure, and thereby, to keep the lower part of the dam dry. How-
ever, the defection of asphalt layers allows the water to infiltrate in
the upper part of the dam. For the outlook, the presented model is
now assumed to be a valuable tool for the discussion of the effec-
tiveness of new rehabilitation activities, e.g., improving the asphalt
layer. This model can now be regarded as a reference model in
related inverse problems, such as the identification of material
properties and damages or cracks which may occur in the further
lifetime of the structures, see [6]. The consideration of the variabil-
ity of the material inside the structure and its effect to the struc-
ture’s performance is subject to future research.
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